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The parametric decay instability of an electron plasma wave in a homogeneous, unmagnetized,

hot and collisionless dusty plasma has been investigated analytically.
been solved perturbatively to find the nonlinear response of the plasma particles.

The Vlasov equation has
The presence

of the charged dust grains introduces a background inhomogeneous electric field that significantly
influences the dispersive properties of the plasma and the decay process. The growth rate of the
decay instability through the usual ion-acoustic mode is modified, and depends upon the dust
perturbation parameter p;, dust correlation length go and the related ion motion. However, the
decay process of the electron plasma wave through the ultralow frequency dust mode, excited due
to the presence of the dust particles, is more efficient than the decay through the usual ion-acoustic

mode in the dusty plasma.

PACS number(s): 52.35.Fp, 52.25.Mq, 52.35.Mw, 52.35.Ra

I. INTRODUCTION

There has been a great interest in the generation of
electrostatic electron plasma waves by the beating of
two intense electromagnetic waves or, due to some other
mode-coupling interactions in plasmas in recent years
[1-13]. The most important applications of these elec-
tron plasma waves include laser-plasma beat wave ac-
celerators and wake field accelerators [1-4], beat wave
plasma heating and current drive [6,7], and space plas-
mas [8-13]. Besides the occurrence in the usual plasmas,
electron plasma waves may be present in all dusty plasma
environments due to mode-coupling interactions, begin-
ning from laboratory devices to astrophysical and space
plasmas.

Dusty plasmas having micrometer and submicrome-
ter size; highly charged (Z, ~ 103-10*) and massive
(mg/my, =~ 108-10'%) grains are gaining importance be-
cause of their relevance in the studies of space environ-
ments, asteroid zones, planetary rings, cometary tails,
protostars, supernovae remanents as well as in the earth’s
environment [8-13]. On account of the presence of these
heavily charged and massive dust particles, the interac-
tions between dusty plasmas and external electric and
magnetic fields may be considerably modified from those
in the usual plasmas.

On account of the large amplitude nature of the elec-
tron plasma waves excited by either the beating of two
electromagnetic waves or from some other mode-coupling
interactions, viz., stimulated Raman scattering, the vari-
ous nonlinear effects may come into play and become sig-
nificant in a hot dusty plasma. Thus, the excited electron
plasma waves may suffer a number of microinstabilities.
Hence it is important to see the effects of highly charged
and massive dust grains on the nonlinear interactions of
these electron plasma waves in the dusty plasma. Sim-
plest among all these nonlinear effects, decay instability
[14] may play a vital role.
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In the present paper, we have studied the nonlinear in-
teraction of an electron plasma wave with a low frequency
electrostatic plasma mode [15] (for example, ion-acoustic
or some other low frequency mode due to the presence of
dust grains), that is, the decay instability of the electron
plasma wave into a low frequency electrostatic mode and
another electron plasma wave in an unmagnetized dusty
plasma. We consider a simple picture of the dusty plasma
[8]: we assume that all the dust grains have the same size,
mass, and are randomly oriented and that they are rep-
resented by point sources of electrostatic potential ¢o(x).
The dusty plasma is assumed to be unmagnetized.

In Sec. IT we solve the Vlasov equation to find the non-
linear response of electrons and ions in the dusty plasma
perturbatively [8], where the static and massive charged
dust grains are assumed to be randomly situated with
a finite correlation having correlation length comparable
to the wavelengths of the waves involved. In Sec. III, the
nonlinear dispersion relation of the low frequency pertur-
bation mode is obtained. The growth rate of the para-
metric decay instability of the electron plasma wave is
presented in that section. In the same section, we have
studied two important cases of the low frequency elec-
trostatic mode for the decay instability of the electron
plasma wave; one, the usual ion-acoustic mode, and the
other, an ultralow frequency electrostatic mode due to
the presence of the dust particles. Finally, a brief discus-
sion of the results is given in Sec. IV.

II. KINETIC ANALYSIS
FOR THE NONLINEAR RESPONSE
OF ELECTRONS AND IONS
IN A DUSTY PLASMA

We consider the propagation of a longitudinal electro-
static electron plasma wave (EPW) propagating in the
z direction, in a homogeneous, unmagnetized, and colli-
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sionless dusty plasma with random distribution of highly
charged (Z, = 103-10%) and massive (i.e., immobile) dust
grains:

Eo = ZE() exp[ (wot - koZ)] (1)

w§ = wh +3kgVih/2 (2)

where wo and ko are the angular frequency and wave
vector of the incident electrostatic wave. This electro-
static electron plasma wave may be a beat wave excited
by two intense electromagnetic waves propagating in the
plasma or excited by a nonlinear mode-coupling interac-
tion, such as stimulated Raman scattering. The quan-
tities wpe = (4me?nd,/me)V/? and Vipe = (2T./me)Y/?
are the electron plasma frequency and the electron ther-
mal speed; —e, m., nd,, Te, and ¢ being the electronic
charge, mass, equilibrium number density of electrons,
electron temperature in energy units, and the speed of
light in a vacuum, respectively. The charged grains are
considered to be so massive (my > m;) that we consider
the dynamics of electrons and ions in the background of
the immobile grains [8]. The equilibrium thus consists of
charged dust particles, ions, and electrons which satisfy
the overall charge neutrality condition

annga +QNy =0 (a = evi) ) (3)

where ¢4, nd,, and Q, N, are the charge and number den-
sity of electrons and ions and those of the dust grains,
respectively. The stationary and randomly oriented dust
particles give rise to a background electrostatic field
which can be characterized by a potential function ®¢(x).
The average potential due to the dust grains is given by

(8]

/ $o(x)d*z = i—Q ( ) , AmrdN, =3 (4)

where Ap is the plasma Debye length and rq is the aver-
age distance between the grains. We make the assump-
tion that the potential energy of a plasma particle in this
field is much smaller than the thermal energy of electrons
and ions: po = go®o/T, < 1. This assumption is crucial
to the perturbation technique employed in Ref. [8]. The
quantity o is known as the dust perturbation parame-
ter.

Let us now consider the presence of a low frequency
electrostatic mode (w,k) in the dusty plasma. Due to
the nonlinear interaction of the pump electron plasma
wave (wg, ko) with the perturbation mode (w, k), a side-
band electrostatic electron plasma wave will be generated
(w1, k1; w1 = w —wg, k; =k — ko). Both the generated
sideband and the low frequency electrostatic mode will
grow at the expense of the energy from the pump electron
plasma wave, and this three-wave parametric instability
is known as the parametric decay instability. The upper
sideband (w + wo, k + ko) is neglected as it is considered
to be off resonant [14].

Since the dust grains have potential ®,(x) with a fi-
nite correlation having a correlation length comparable
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to the wavelengths of the waves involved, the motion of
the plasma particles is described by the nonlinear Vlasov
equation:

BfT

o TV-Vfa+

o (ET+1v><BT) VT =
Mo c

(5)

where the superscript 7' denotes total quantity involved.
‘We decompose _fg' and E7T as

fq’f = f(())a+f0a+f1a+fa
= f(g)a + f(fla(w()?ko) + flLa(whkl)
e (wi,ka) + f2 (w0, k) + £2 (w, k) + f2F (w,k)
(6)
ET=Ey(+E;+E

=—-V¢o— V¢, - Vo, (7)
where fon, fia, and f, are the distribution functions
of the dusty plasma corresponding to the pump wave,
generated sideband, and the low frequency electrostatic
mode, respectively. The superscripts L, D, and NL on
the quantities denote, respectively, the linear, dust, and
nonlinear terms. The quantities Ey, E;, and E are the
electric fields and ¢¢, ¢1, and ¢ are the electrostatic po-
tentials corresponding to the waves (wo, ko), (w1, k1), and
(w, k), respectively. We note here that BT is zero for lon-
gitudinal electrostatic waves in an unmagnetized plasma.
The unperturbed equilibrium distribution function f2, in

the stationary dusty plasma is given by [8]

f(())a (x,v) = - ﬂczx)[FOQ + Féauaa(x)

3Foauio?(x)] (8)

Oa a
where the normalization factor is contained in Fy,:

Foa = (na/mVTVi,) exp(—v?/Vi,) 9)
‘/tha = (2Ta/ma)1/2 .

(1- pa

Uy = qaPo, T is the temperature of electrons and ions
in energy units, and the prime on Fy, denotes derivative
with respect to €¢q = mav?/2. In Eq. (8) the random
statistical function o(x) defined by go®o(x) = us0o(x) is
characterized by a correlation function

B(x — x'|) = (o(x)o(x')) , (10)
where the bar over ®; denotes ensemble average [16].
The spectral density of the correlation is given by

Sk) = @y /d z B(x) exp(ik - x) , (11)

so that

(o(a)o(d)) = S(a)d(a+q') .

Using Eq. (6) in Eq. (5) and carrying out the
usual Laplace-Fourier transformation in the perturbation
method [8], we obtain the linear distribution functions
corresponding to the three waves as

(12)
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= oy [ B k) Vst~ ) (13)

2= s /d ko (ka )k - V, / “”kl) VSl k)R (14)
FL = R,(w—o_z—qglq,—v) / Eo(wo, k1) - Vo £2. (ko — ky)d%%k; (15)

P = ooty [ B 1) - Vol — )% (16)

where a tilde over a quantity denotes Fourier-Laplace transformations. In Egs. (15) and (16), we have neglected the
effect of dust on the high frequency electron plasma waves; the low frequency waves are more likely to be affected by
the dust particles [8,11].

Fourier-Laplace transforming Eq. (5) and then substituting Egs. (15) and (16) in it, we obtain the nonlinear
distribution function fév L for the low frequency electrostatic mode due to the beating of the high frequency electron
plasma wave (pump) and the generated sideband electron plasma wave (w1,k;):

- — 1
= e T {Eo Ve Ty /El(wl,ki) + Vo fally — ki)d*k;

\E, -V, 7/E0(w0,k1) v fOQ(ko—kl)d?’kl] . (17)

(Uo—ko v

Similarly, Fourier-Laplace transforming Eq. (5) and then using the linear response, Egs. (13)—(15) in it, we obtain
the nonlinear distribution function f{¥Z(wq,k;) for the generated sideband electron plasma wave due to the beating
of the pump electron plasma wave (wo, ko) and the low frequency electrostatic perturbation mode (w,k):

2
FNL Yo 1 * 0 3
= Vo—— [ E ki)-V ko — k,)d°k
la 2m<21(w1——k1-v) E v(do—ko'V/ 0(“’0, 1) vaa( 0 1) 1
1
+E; . va /E(w,kl) . va(())a(k — kl)d3k1] s (18)
[
where the symbol * denotes complex conjugate. In Cu(k) = 5(K) — pao (k) + éaz(k) . (22)
Eqgs. (17) and (18), we have taken the dust contribution “ * 2

through the modified background distribution function 1, order to perform different integrations, we note that

oy . . (o(k)) = (0*(k)) = 8(k) and (o (kz)o(k — ki — ks)) =
Now using Poisson’s equation for the decay waves S(k2)d(k — k1) and, therefore, the ensemble average of
(w, k) and (wy,k;), we have 7O, (k — ky) and ¢(ky)fS, (k — ky — ky) are obtained,

respectively, as

2

Bo=anY g [aufE+240) . (9)
= (O (k — ky)) = (1 e + _) Foa(v)o(k — ki) (23)

and
and
Koy =ar g [t 5. @0) )
From Eq. (8), it can be shown that « S (k2)S(k — k1)) |
(24)
fga = Ca(k)FOa(v) ) (21)

where we have retained terms up to the second order in
where the perturbation parameter p,. Further, we assume a
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model Gaussian distribution for the correlation function
(8]
S(q) = (1/7v/7q3) exp(—4®/43) (25)

where go is the correlation length for the static dust
grains in the plasma.

III. NONLINEAR DISPERSION RELATION
AND GROWTH RATES

Case A: kVipe > w > kVin;. We assume for simplicity
that all the waves are propagating in the same direction
(ko||k1]|/k||Z). In the case when the frequency w of the low
frequency perturbation mode (w,k) lies between kVine
and kVin;, that is kVipe > w > kVip; for the ion-acoustic
branch, after performing different integrations, Poisson’s
equation (19) finally takes the following form:

ep = Cod1 ,

where € = 1+ x + xp is the dielectric function of the low
frequency mode (w, k); x is the usual dielectric suscepti-
bility of the low frequency mode and is given by [15]

2 . 2 2
1 wp; 24 ﬁwpiw ( w

- v 27
PR I S 7 kvh) @7)

(26)

X

xp is the dielectric susceptibility of the low frequency
mode (w, k) due to the presence of the dust particles and
we obtain it as

1
#ngeI(Dg _ VruZkqowZ Vi (1+ ﬁ%)

XD =T ke VE 2wl 2k
. (2) . (2)
zwzwzequDe zZﬂ',u?wf,iIDi (28)
k2wVine qow Vins

and the coupling coefficient C in Eq. (26) is obtained as

2 kok1 [k
CZM(_&LE)-

2 2 2
meka‘/the

29
prr (29)

In Eq. (28), the integrals I(Dlg, Igg, and I](Dzi) are defined

as
(1) * 2
o = dqy | ———2——
Do /0 q)dg [qo(kJrq“)

(k—a))Vide i
—_—— "l eX —— y 30
w2qo P q% (30)
1 > qt w 2
I(2)=—~/ dg) ex: ——H-—(i)
De = gz [ NHMIP ™02 (k — q))Vine
(31)
and

(32)

© dq a
1<2>:/ TR
A S CET i

In deriving Eq. (26), we have neglected the dust effect in
the coupling coefficient C' (which is due to the beating
of the high frequency electrostatic waves) while retaining
the effect of dust in the low frequency dielectric function
€ through xp.

On evaluating the integrals involved in Eq. (20) we
obtain the equation for the sideband (wq,k;) which is a
high frequency electron plasma wave as

€11 = C1¢3¢ ,

where €; is the usual dielectric function for the sideband
high frequency electron plasma wave, and the coupling
coefficient C, is obtained after simplification and retain-
ing only the dominant terms:

(33)

2
4ek0wpew

Cpo~—— P
= 2 7
mekikw Vi,

(34)
Eliminating ¢ from Egs. (26) and (33), we obtain the fol-

lowing nonlinear dispersion relation for the low frequency
perturbation mode (w,k):

%
=—, 35
=t (35)

where

i = Igol2C1C (36)
is known as the coupling coefficient for the parametric
decay instability and the coefficients C and C; are given
by Egs. (29) and (34). It may be noticed here that the
coupling coefficient p is real and positive as C is already
positive and C is also positive because w; = w — wy is
negative.

The growth rate for the decay instability ~yg is obtained
from the following relation [14]:

N2 = — H
0 (O¢€,/Ow) (O€1, /Owr)

(37)

where the subscript r represents the real part. After
simplification and rearrangement of terms, we obtain the
expressions for u, d¢,/0w, and de1, /Ow; as follows:

o HVoe/Vinel"wpewiw (ko | k1 (38)
- k’*klletie wg wf ’
861‘ 2w2i
S = 2B+ fp) (39)
and
O€1r 2w26
o= e (40)

where
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€k0¢0 2\/7_1'(4}}211(4) wz
Voe/Vine| = |20 _| | = gt exp (—go
I 0 / ¢k l mewovvthe ¢ ka‘/t:; P k2v;;%n
dmpdwl ) piqowl Ip)
(45)
qﬂw%hz kzw‘/the

w?2

IQO
2k

x (1 - ﬂw , (41)
1 u w?
2 sztiz '

B =

2r nw

For calculating O€;, /08w, we have taken the simplest ex-
pression for the dielectric function for the high frequency
sideband electron plasma wave as

wz

pe . (42)

Pl B
“ —3k3VE./2

The normalized growth rate vo/w of the decay instability
through the usual ion-acoustic mode, therefore, finally
takes the following form:

1/2
(E) [Voe/Vinel? “) cwowiw (ko 4 ﬁ)
w /1A ktkiw?2; Vt’;e(l + fp) \w2 w? ’

(43)

The linear damping rate of the low frequency perturba-
tion mode in the dusty plasma is obtained from [14]

€;

O¢, /0w ’

YL = — (44)

where the imaginary part of € in the present case is given

by

The integrals Igz and I,(:,zi) are given by Egs. (31) and
(32), respectively.

In the presence of the linear damping of the low fre-
quency ion-acoustic wave, Eq. (44), and neglecting the
damping of the high frequency electrostatic decay wave
(w1,k1), the overall growth rate of the decay instability
is given by [14]

v =[(v +49)"* —vil/2 . (46)

From Eq. (43), we notice that the modification of the
undamped growth rate of the decay instability of the elec-
tron plasma wave into an ion-acoustic wave and an an-
other electron plasma wave comes through the function
fp which contains the second order dust perturbation ef-
fect and the first order effect vanishes because of the ko
integration in Eq. (14). However, the overall growth rate
~ is affected because of the damping of the low frequency
ion-acoustic mode Eq. (44).

Case B: w < kVin;. We now consider the case of
the extremely low frequency mode in the dusty plasma,
w < kVip;. Following Ref. [15], one can obtain a new low
frequency electrostatic mode in the dusty plasma having
a frequency much less than the usual ion-acoustic branch.
This ultralow frequency mode exists only due to the pres-
ence of the dust particles. The linear dielectric function
of the dusty plasma in this case becomes [15]

e(w, k) = €, +t¢; , (47)

where

_ 1 2 1 k 1 o BuiwZad
& =1+ k2A2D5[1_2#8+iu’e(1_§Re[Z( /qo)])]+ k2A2D1(1—2M2+H1)— 2w2k2 (48)
Vrw 2 w?
;= ———o—1 1 —2u; : — e o
“ 3k2/\2 m{Z(k/0)] + ks’\zinthi( 2 + i) exp k2V3,

oo 2 2

uZ thhz/ 2 q ( w )
ilache 12422 k — q)2dqpexp | ——k — [ —
k2w3q —infq”( a)”day exp 7 (k — q)) Vini

oo

| pwpw
2k2qo V3,

qdq)
oo (k—q)?

Z(k/qo) is the plasma dispersion function with argument

k/qo. Since pe,p; < 1, the dispersion relation of this
ultralow frequency mode becomes [15]

3 2qzu.12~
w? = Ha 900 ps 5 = GulaiVie . (50)

2k2(1 + 1/k220%, + 1/k2)%,

o[- (ama) |

This has no analog in the usual electron-ion plasma. This
arises due to the oscillations of the ions in the static struc-
ture of the dust distribution.

Let us now consider the decay of the high frequency
electron plasma wave into this ultralow frequency mode
and another high frequency electron plasma wave. Fol-
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lowing the same procedure of the previous case A, the
undamped growth rate o of the decay instability can be
obtained from Eq. (37), where now

4|VOe/V;:he|2wpewow nm ( k() k]_ )

k4k1w1 the nOeTz 3 w_%
nd-m.T,
x [1 = 20 ee , 51
( ngemiTi) (51)
33wl
367- _ #1, pqu , (52)
Ow w3k?

and O¢1, /0w, is the same as in case A. Therefore, finally
the normalized growth rate v9/w of the decay instability
through this ultralow frequency electrostatic new mode
becomes

(2),, = [l ol iz (s i)
ULF 3ki qw2 Vipen:  m3.T7 2

Wi
o 1/2
x (1 - ﬁg—me—Te)} : (53)
nOEmiTi
The linear damping rate of this ultralow frequency per-
turbation mode in the dusty plasma is given by Eq. (44),
where now the imaginary part of € is given by Eq. (49).
This is a different channel of decay in the dusty plasma.
We can now compare the growth rate of decay instabil-
ity through the usual ion-acoustic wave and the different
ultralow frequency mode. From Egs. (53) and (43), the
ratio of the normalized growth rates through the ultralow
frequency mode and the usual ion-acoustic mode is given

by
Yo Yo ~ noi E :
(E)ULF/(E)IA - [%<n§e) (T1.>
(2 ()]
90 1% .
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Thus, we notice that the decay instability of the elec-
tron plasma wave through the ultralow frequency mode
is more efficient than that through the usual ion-acoustic
mode. The enhancement of the growth rate depends
upon the non-neutrality of the electron and ion densi-
ties, temperature ratio, correlation length, and the dust
perturbation parameter.

IV. DISCUSSION

We have investigated the nonlinear decay instability
of an electron plasma wave in an unmagnetized and col-
lisionless hot dusty plasma. The background inhomoge-
neous electric potential created by the highly charged and
randomly oriented massive dust grains has significant ef-
fects on the low frequency electrostatic modes and the
nonlinear decay process of the high frequency electron
plasma waves. The normalized growth rate of the de-
cay instability of the electrostatic electron plasma wave
through the ion-acoustic mode is modified due to the
presence of the dust. The modification of the decay insta-
bility depends upon the ion dust perturbation parameter
Wi, dust correlation length ¢o, and the other quantities
related to the motion of ions. However, the normalized
growth rate of the decay instability through the ultralow
frequency electrostatic mode due to the presence of the
dust is much higher than that through the usual ion-
acoustic branch of frequencies. Thus, the presence of
highly charged and massive dust grains plays a vital role
in the nonlinear mode-coupling interactions in a dusty
plasma.

It may be mentioned here that various other nonlinear
interactions of large amplitude electrostatic and electro-
magnetic waves with other possible modes in dusty plas-
mas are also of great importance, and work along these
lines is in progress.
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